Let S be a finite simple semigroup represented as a Rees matrix semigroup M[G; I, J; P ] over a group G. We show that if G is efficient (i.e. if it can be defined by a presentation A | R with |R| − |A| = rank(H 2 (G))) then S is also efficient. We also show how to find a minimal presentation for S in this case.
Introduction
In this paper we combine results from [1] and [3] in order to determine the relationship between the deficiency of a group G and the deficiency of a Rees matrix semigroup S over G; in particular, we investigate how the efficiency of S depends on the efficiency of G.
We start by defining semigroup and group presentations. Let A be an alphabet. We denote by A + the free semigroup on A consisting of all nonempty words over A, and by F (A) the free group of all freely reduced words over A ∪ A −1 (including the empty word), where A −1 is an alphabet whose elements represent the inverses of elements of A. A semigroup presentation is an ordered pair A | R , where R ⊆ A + × A + . If both A and R are finite then we have a finite presentation. A semigroup S is said to be defined by the semigroup presentation A | R if S ∼ = A + /ρ , where ρ is the congruence on A + generated by R. Replacing A + by F (A) in the above definitions yields the notions of a group presentation and of a group defined by a presentation. For basic facts about semigroup and group presentations see any standard introductory texts on semigroups and groups, such as [6] , [8] and [10] .
We define the deficiency of a finite presentation P = A|R to be |R|−|A|. The semigroup deficiency of a finitely presented semigroup S is the minimum deficiency of any semigroup presentation P defining S: def S (S) = min{ def(P) | P is a finite semigroup presentation that defines S }.
We define the group deficiency def G (G) of a finitely presented group analogously, using finite group presentations: def G (G) = min{ def(P) | P is a finite group presentation that defines G }.
Hence there are two notions of deficiency for a finitely presented group. We call a presentation P = A | R , that defines S, minimal if def(P) = def S (S).
If S is a finite semigroup and G is a finite group it can be shown that: def S (S) ≥ 0 and def G (G) ≥ 0, and it can also be shown that def S (G) ≥ def G (G). We call a presentation P with def(P) = 0, a balanced presentation.
A better bound for the deficiency of a finite semigroup S or a finite group G is given by the rank of the second integral homology of S or G:
The first of these inequalities is due to S.J. Pride (unpublished). The second is a well known result, a proof of which may be found in [9] . A finite semigroup or group is called efficient if it attains this lower bound, and is called inefficient otherwise. Thus there are two notions of efficiency for finite groups, namely the group and semigroup efficiency. Note that the definition of efficiency is different in the case of infinite semigroups or groups, see Section 4.
It is a well known fact that a completely simple semigroup is a Rees matrix semigroup over a group. Let G be a group, I and J be index sets and P be a |J| × |I| matrix with entries p ji from G. Then the semigroup of elements from I × G × J with the multiplication
is called a Rees matrix semigroup, and is denoted S = M[G; I, J; P ] . The matrix P can be chosen to be normal, in other words p 1i = p j1 = 1 G , the identity of G, for all i ∈ I and j ∈ J. For further details see [6] . Example 1.1 The Fibonacci groups F (r, n) (r ≥ 2, n ≥ 1) are defined by the (balanced) group presentations a 1 , a 2 , . . . , a n | a 1 a 2 . . . a r = a r+1 , a 2 a 3 . . . a r+1 = a r+2 , . . . , a n−1 a n a 1 . . . a r−2 = a r−1 , a n a 1 a 2 . . . a r−1 = a r .
It was shown in [4] that the semigroup S(r, n) defined by this presentation is a disjoint union of gcd(r, n) copies of F (r, n). In fact, S(r, n) is completely simple, and can be represented as a Rees matrix semigroup M[F (r, n); I, J; P ] where |J| = 1 and |I| = gcd(r, n). Since S(r, n) is defined by a balanced presentation, it is efficient whenever it is finite, which happens, of course, if, and only if, F (r, n) is finite. Example 1.2 Let S be a finite rectangular band I ×J, where I = {1, . . . , m}, J = {1, . . . , n} and (i, j)(k, l) = (i, l). Of course, S is a Rees matrix semigroup over the trivial group. In [2] the second homology of S was found to be
. Also, S has the following presentation:
The deficiency of the above presentation is (|I| − 1)(|J| − 1), and hence S is efficient.
Presentations and homology
We begin by giving a presentation for an arbitrary finite Rees matrix semigroup S = M[G; I, J; P ], where P is normal. Throughout we take I = {1, 2, . . . , m} and J = {1, 2, . . . , n}. Let A | R be a minimal semigroup presentation defining G, and let
be two new alphabets. It is easy to verify that the set X = A∪Y ∪Z generates S, where
If e ∈ A + is any word representing 1 G , then we have the following presentation for S X | R, y i e = y i , ey i = e, z j e = e, ez j = z j , z
(3) For further details see [7] . Since the presentation for G is minimal, the deficiency of (3) is def S (G) + (|I| − 1)(|J| − 1) + (|I| − 1) + (|J| − 1). A presentation for S with smaller deficiency was derived from (3) in [1, Proposition 4.5]:
The deficiency of this presentation is def S (G) + (|I| − 1)(|J| − 1) + 1. It is important to note that this presentation has only been shown to define S for finite G; see [1] for further details. We end this section by giving the second integral homology of an arbitrary Rees matrix semigroup S = M[G; I, J; P ]. Presentation (3) can be used to obtain a complete rewriting system, which in turn can be used to compute H 2 (S); see [12] for further details. This method was employed in the proof of the following proposition. Proposition 2.1 The second integral homology of S = M[G; I, J; P ] is given by
The proof of this result may be found in [1] . As a consequence of this result and (1), it follows for a finite semigroup S that:
Deficiency and efficiency
We now consider the following questions: what is the relationship between the group and semigroup deficiency of a finite group G? In other words, under what circumstances does G have a minimal semigroup presentation P = A|R where |R| − |A| = def G (G)? And if G has such a presentation, is it possible to eliminate one relation from presentation (4)? The answer to the first question is given in [3] , from which we state some results. We begin by giving a class of semigroup presentations that define groups. Proposition 3.1 The semigroup presentation a 1 , a 2 , . . . , a n |a 1 = a 2 β 1 a 2 a 1 , a 2 = a 3 β 2 a 3 , a 3 = a 4 β 3 a 4 , . . . , a n = a 1 β n a 1 , R where n ≥ 1, β 1 , β 2 , . . . , β n are arbitrary words over {a 1 , a 2 , . . . , a n } and R is an arbitrary set of relations, defines a group. The proof of this result may be found in [3] .
As a consequence of this result, the semigroup deficiency of a group of non-negative deficiency may be determined. Proposition 3.2 Let G be a group of non-negative deficiency. Then there exists a semigroup presentation P that defines G, such that def(P) = def G (G). In particular, for finite groups, def G (G) = def S (G).
Proof. It was shown in [3] that a minimal group presentation for G could be used to obtain a semigroup presentation of the type given in Proposition 3.1 without increasing the deficiency. Corollary 3.3 Let G be a finite group. There exists a minimal semigroup presentation P = A | R that defines G, such that R contains a relation of the form a = aua, where a ∈ A and u ∈ A + .
Proof. ¿From the discussion in the proof of Proposition 3.2 there exists a minimal semigroup presentation Q of the type given in Proposition 3.1. Let P denote the presentation obtained from Q by removing the relation a 1 = a 2 β 1 a 2 a 1 and replacing it with the relation a 1 = a 1 β n a 1 β n−1 . . . β 3 a 4 β 2 a 3 β 1 a 2 a 1 .
The following sequence of equalities may be obtained as a consequence of the relations in Q, without using the relation a 1 = a 2 β 1 a 2 a 1 . Similarly, the sequence can be obtained as a consequence of the relations in P, without using the relation a 1 = a 1 β n a 1 β n−1 . . . β 3 a 4 β 2 a 3 β 1 a 2 a 1 :
(a 1 β n a 1 )β n−1 a n . . . a 4 β 3 a 4 β 2 a 3 β 1 a 2 a 1 = (a n β n−1 a n ) . . .
We see from this that P and Q define the same semigroup. We let a = a 1 and u = β n a 1 β n−1 . . . β 3 a 4 β 2 a 3 β 1 a 2 . It follows that P is the desired presentation.
We now return to a finite Rees matrix semigroup S = M[G; I, J; P ]. Modifying the method of [1] we show that it is possible to replace two of the relations in (4) with a single relation, hence reducing the deficiency by one. Let us choose our minimal presentation A | R in accord with Corollary 3.3. Let X denote the generating set used in (3). Theorem 3.4 The presentation
defines the finite Rees matrix semigroup S = M[G; I, J; P ] and has deficiency def S (G) + (|I| − 1)(|J| − 1).
Proof. We begin by showing that the relation auy 2 z n a = a is a consequence of the relations in (4). First, we let e = au in (4), giving that
Observe that by repeatedly applying the relation y i y i+1 = y i we obtain In the same way, by repeatedly applying the relation z j z j+1 = z j+1 , we obtain the relation z n = z 2 z n . We use these five new relations to show z n a = z 2 z n a = auz 2 z n a = auz n a = auy 2 z n a = auy 2 y m z n a = auy 2 y m z n aua = auy 2 y m a = auy 2 a = aua = a.
It follows that
auy 2 z n a = auy 2 a = aua = a.
We have proved that the semigroup defined by (5) is a homomorphic image of S. We now show the converse, in other words that the relations in (4) are consequences of the relations in (5). First we see that auy 2 = auy 2 y m = auy 2 y m z n au = auy 2 z n au = au.
It follows that aua = au(auy 2 z n a) = auauz n a = auz n a = auy 2 z n a = a.
The final part of the result follows immediately from Proposition 3.2.
As an immediate corollary of the above result we obtain the main result of this paper, which relates the efficiency of G to the efficiency of S. Theorem 3.5 Let S = M[G; I, J; P ] be a finite simple semigroup expressed as a Rees matrix semigroup over a group G. If G is efficient then S is efficient.
Open questions and examples
We ask the natural question: does the converse of Theorem 3.5 hold? Open Question 4.1 Does there exist an efficient Rees matrix semigroup over an inefficient group?
Or, does the semigroup deficiency of G provide a better lower bound for the deficiency of a Rees matrix semigroup? Open Question 4.2 Does the inequality
hold for all Rees matrix semigroups? Note that if the answer to Question 4.2 is yes then the answer to Question 4.1 is no.
In the particular case of 1 × n Rees matrix semigroups we can show that the answer to Question 4.2 is indeed yes. Proposition 4.3 Let S = G × Z be the direct product of a finite group G and a finite right zero semigroup Z. Then def S (S) = def G (G). In particular, S is efficient if, and only if, G is efficient. Proof. Let A | R be a semigroup presentation for G with |R| − |A| = def S (G) = def G (G). Assume that |Z| = n. Let X = { x 2 , . . . , x n } be a new alphabet, and let x 1 ∈ A + be a word representing 1 G , the identity of G. It is now a routine exercise to show that the presentation:
defines S and has deficiency |R| − |A|. Thus def S (S) ≤ def G (G). For the reverse inequality it is sufficient to note that any presentation for S, when treated as a group presentation, defines G; this follows from [5] . Finally, by Proposition 2.1, we have H 2 (S) = H 2 (G), and the proposition follows.
We conclude the paper by stating some open questions about infinite Rees matrix semigroups. In the case of infinite groups and semigroups the basic bounds for deficiency are:
Here rank Z (A) denotes the Z-rank of a finitely generated abelian group A, i.e. the number of infinite cyclic factors in the canonical decomposition of A into the direct sum of cyclic groups. An (infinite) group or semigroup is said to be efficient if the equalities hold in (6) or (7), respectively. Inequality (6) is well known (see [11] ); (7) was proved analogously by S.J. Pride (unpublished). Also it is well known that H 1 (G) = G/G , the abelianisation of G. If S is defined by a presentation A | R , then H 1 (S) = H 1 (K) where K is the group defined by A | R ; this follows immediately from the resolution used in [12] . Note that K is the largest group homomorphic image of S, if S has one (which, of course, is the case for Rees matrix semigroups). As observed above, the proof that presentation (4) defines S, relies on the finiteness of G, and this presentation was crucial in the proof of Theorem 3.4. However, neither the presentation (4) nor Theorem 3.4 hold for Rees matrix semigroups over infinite groups. To see this, let G be an infinite group which is efficient both as a group and as a semigroup, and for which rank Z (G/G ) > 0; one such example is the free abelian group of any rank greater than 2. Let P be any normalised |J| × |I| matrix, the entries of which form a generating set for G, and form the Rees matrix semigroup S = M[G; I, J; P ]. Now it is well known (and easy to verify) that the maximal group homomorphic image of S is G/N , where N is the normal subgroup of G generated by the entries of P , and hence it is trivial. Now we have def S (S) ≥ rank(H 2 (S)) − rank Z (H 1 (S) A significant first step towards solving this question would be achieved by answering: Open Question 4.5 Is it possible to find a presentation P that defines S = M[G; I, J; P ], for arbitrary G, where def(P) is smaller than the deficiency of presentation (3)?
